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Abstract 

We prove a conjecture of Kontsevich which states that if A is an Ed-i algebra then 
the Hochschild cohomology object of A is the universal Ed algebra acting on A. The 
notion of an Ed algebra acting on an Ed-i algebra was defined by Kontsevich using the 
swiss cheese operad of Voronov. The degree and 1 pieces of the swiss cheese operad 
can be used to build a cofibrant model for A as a,n Ed-i — A module. The theorem 
amounts to the fact that the swiss cheese operad is generated up to homotopy by its 
degree and 1 pieces. 



1 Introduction 

In [Ger63j Gerstenhaber showed that the Hochschild cohomology HH* (A) of an associative 
algebra A is a graded Lie algebra and a graded commutative algebra, and the two structures 
are compatible. Any chain complex with this algebraic structure is now called a Gerstenhaber 
algebra. In |Coh76j (see also [Sin06] ) Fred Cohen showed that the operad controlling 
Gerstenhaber algebras is H_ it {E-2)- Deligne later asked if the action of on HH*(A) 

descends from a natural action at the level of chains. In other words, is there a natural algebra 
structure of Chains(i?2) on CK*(A) which recovers the structure discovered by Gerstenhaber 
after passing to (co)homology? 

Already, this question is evidently in the realm of homotopy theory. So let us replace the 
associative algebras by E\ algebras. This makes it clear that the question is fundamentally 
one about the relationship between the operads E\ and Ei. Indeed, we can further consider 
the question in light of the relationship between Ed and Ed-i algebras. For any Ed-i algebra 
in a sufficiently rich homotopical category C we can make sense of its Hochschild cohomology. 
The Hochschild cohomology of A is denoted Hoch(A) and is an object of C. This convention 
is a bit confusing, as it is the Hochschild cochain complex in the case where C is the category 
of differential graded vector spaces, but in a broader context it is best to just refer to it as 
the Hochschild cohomology of A. 

The original Deligne conjecture where A is an E\ algebra in the category of chain complexes 
has been solved several times [Tam981 IBF04) IMS02| IKS00|. IVorOOj The generalized version 
where A is an Ed algebra in a general category like C has been proven by |HKV06( ILurllj . 
What we show here is that Hoch(A) is not just an Ed algebra, but comes equipped with a 
universal property. It is the universal Ed algebra acting on the Ed-i algebra A. The case 
d = 2 in the algebraic setting can be found in |DTT09| . 

The notion of an Ed algebra acting on an Ed-i algebra was introduced in [Kon99 . This 
notion uses the swiss cheese operad SCd of Voronov |Vor99| . This is a two-colored operad 
which interpolates between Ed and E^-i- A swiss cheese algebra is a pair (B, A) where B 
is an Ed algebra, A is an Ed-i algebra, and there is some extra structure compatible with 



these (definition 13 1. We refer to this extra structure as an action of B on A. 

The case d = 1 is enlightening. For simplicity, let us work in the category of vector 
spaces. A (non-unital) Eq algebra A in vector spaces is just a vector space with no extra 
data. The Hochschild cohomology in this case is hom(A, A). If B is an associative algebra, 
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it is in particular an E\ algebra. An SC\ structure on the (B,A) pair (B,A) then amounts 
to the choice of a B-module structure on A. 

In this case, the Swiss cheese conjecture merely states that hom(A, A) is an associative 
algebra, and giving an SC\ structure on (B, A) is equivalent to giving a map of associative 
algebras B —> Hoch(yl) = hom(^4, A). We prove the analog of this when B is an Ed algebra 
and A is an Ed-i algebra, d > 1. 

1.1 Outline of the paper 

In section [2] we define the Ed and SCd operads, and give both an imprecise and a precise 
statement of the theorem we will prove. We also outline the idea of the proof. In section[3]we 
define Hochschild cohomology for Ed-i algebras and show that we can use the swiss cheese 
operad to construct a model for Hochschild cohomology. We use this model in section [4] to 
prove a "universal cheese" theorem which applies to an arbitrary operad acting on Hochschild 
cohomology. Finally, in section [5] we show that Ed does indeed act, up to homotopy, on 
Hochschild cohomology, and the "universal cheese" theorem specializes to the swiss cheese 
theorem. 

2 The swiss cheese operad 

Fix a set K, a A-colored set is a pair (/, col) where 7 is a set and col : I — >• K is a map 
of sets, called the coloring. We will often denote such a colored set simply by /, leaving 
the coloring implicit. Let Aut(7) be the group of bijections on the set I which preserve its 
coloring. The following definition follows |B V73j . 

Definition 1. Let (S, (g>) be a symmetric monoidal category containing all coproducts and 
assume that (g> distributes over coproducts. Let A' be a set. A A-colored operad O in S 
is a symmetric monoidal category enriched over S whose objects are A-colored finite sets, 
I — > K. We require that, on objects, the symmetric monoidal structure of O is the disjoint 
union of sets over K . This endows each horn object 0(1; J) with the structure of a right 
Aut(7) module and a left Aut(J) module. We also require each of the canonical maps 

II (gJoc/^OOKiD^o^J), (2) 

to be isomorphisms of right Aut(J) and left Aut(J) modules. The maps /: I — > J need not 
preserve the colorings. Note that the input finite set is separated from the output finite set 
by a semicolon. This is to reduce confusion in forthcoming notation. 

Notation 3. Let n to denote the finite set {1, . . . , n}. Typically K will be K = {f , h}, 
where f stands for full disc and h stands for half disc. In this case we use (n, m) to denote 
the A-colored set which is the disjoint union of 

n — > {f} and m — > {h}. 

If K ~ {*}, then a A-colored operad will simply be called a 1-colored operad. Any 1-colored 
operad £ gives for each m,m' € Z> , objects £(m';m) € S. We denote £(m';rn) simply by 
£(m';m) and £(m; 1) simply by £(m). 

Any {f, h}-colored operad O gives for each n, m, n', m! € Z>o, objects 

0(n', m'; n, m) := 0((ri, to'); (n, to)) e S. 

We denote O(n,m;0, 1) by C h (n, to) and we denote 0(n,m; 1,0) by O f (n,TO). 
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Example 4. We spell out definition [T] in the 1-colored case. In a 1-colored operad £, 
the right Aut(m) modules £(m), to > 0, determine the objects £{m!;m) by formula[2]in 
definition [l] The categorical composition laws (i.e. operadic structure) of £ are 5-morphisms 

Elm!] to") (g> £(m; m') — > £(m; to"), 

where to, to', m" G %>o- These maps make £ into a symmetric monoidal category enriched 
over S . It is enough to give the maps where to" = 1. 

£{m')® ]J £(fci)®---<g)£(fc ro ') -+£(m). 

m=ki-\ \-h m i 

The equivariance and associativity conditions |May72[ definition 1.1] [MSS07, definition 1.4] 
on the above maps are packaged in the requirement that £ is a symmetric monoidal category. 

Example 5. Let K be the one-point set {f} and let (5,®) be the symmetric monoidal 
category (Top, x) of compactly generated spaces with the cartesian product. The operad 
Ed is an {f}-colored operad in the category Top. Let D d be the closed unit disc inside W 1 . 
Call a map / : D d —> D d a little full-disc (or little d disc or simply little disc) if / is of the 
form f(x) — rx + c for some < r < 1 and c G Mr. Given a finite set /, the underlying set 
of Ed(I; f ) is the set of embeddings 

/: ]jD d ^D d , 

where each restriction /; : D d — > D d is a little full-disc. Using notation [3J any isomorphism 
I — > n induces an isomorphism Ed(I; f) ~ Ed{n), and the latter can naturally be considered 
as a subset of R n+dn . This gives each Ed(I;i) a topology. The operadic structure is given 
by composing little d discs as maps D d —> D d . The identity of Ed is the little full-disc 
id : D d —> D d . This is the unital version of Ed, so £^(0) = * and Ed(l) consists of more than 
just the identity. 

Example 6. Let K = {f , h}. The -KT-colored operad SCd is called the (<i-dimensional) Swiss 
cheese operad and is the principal subject of this paper. Like example [5] it is an operad in 
(Top, x). 

Let {f} and {h} denote the evident singleton if -colored sets. By definition]!] formula[2] we 
only need to define the spaces SCd(I; f) and SCd{I; h) for every if -colored set (I, col: I — > K). 
First, we define the "full-disc output" part of SCd, 



SC d (I;f) = 



E d {I;{) cor 1 (f)=7 
else. 



To define the "half-disc output" part of SCd, that is SC<j(J;h), we first need the notion of 
little half-discs. Let D+ be the closed d-dimensional half-disc, 

D d + = {( Xl ,...,x d ) £ R d I |x| < 1 and x d > 0}. 

A little half-disc is defined to be a map /: Dj_ — > of the form f(x) = rx + c for some 
< r < 1 and c e M d_1 x {0}. As a set, we define 5(7^(7; h) to consist of embeddings 

/: ]]_D d ^D d + 

iei 

where Df is the full disc D d if col(i) = f and Df is the half-disc if col(i) = h. For 
each i G I the restriction f. L : Df —> of the embedding / is required to be either a 
little full-disc (example [p or little half-disc, depending on what Df is. It is clear that if 
|con 1 (f)| = n and I col - (h)| = to, then SCd(I;h) can be naturally embedded inside M. N 
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where N = n + dn + m + (d — l)m. We give SC d (I; h) the subspace topology inherited from 
such an embedding. 

Following notation [3J a point in SC d (n,m) is given by n labeled full-discs and m labeled 
half-discs in the unit half-disc where none of the discs intersect and the half-discs all lie 
on the bottom. We allow the degenerate configuration when (n,m) = (0, 1) which is the 
unit half-disc contained in itself. Note that we have SC d (0,0) = * and SC d (1,0) contains 
more than one point. Thus we are using the unital swiss cheese operad. This differs from 
Kontsevich in |Kon99j and Voronov in |Vor99| . 

Composition in SC d is given by substituting full-discs and half-discs into each other as in 
figure [6j More precisely, we have maps 

E d {n) x E d (ki) x ■ ■ • x E d (k n ) -> E d (kx + ■ ■ ■ + k n ) (7) 

and 

SC%(n,m) x E d (k x ) x • • • x E d (k n ) x SC$(k n+1 ,h) x • • • x SC d \k 

— > SCj(fc + ■■■ + k n+m , h + ■ ■ ■ + l m ). (8) 




Figure 1: The operadic composition for SC d when d — 2. Full-discs or half-discs can take 
inputs. The full-discs and half-discs should be labelled independently. We have omitted 
labels in the figure. 

Notice that we can identify SC d (0,m) with E d ^i(m) so that the restriction of SC d to 
the spaces SC d (0,») is isomorphic to the operad E d -\- We say that E d _i is the h color of 
SC d and E d is the f color of SC d . We think of SC d as interpolating between E d and E d _x. 

Definition 9. Suppose O is K-colored operad in S and C is a symmetric monoidal category 
enriched over S. An algebra over O in the category C is a symmetric monoidal functor 
O — >• C. A morphism of O algebras is a monoidal natural transformation. The category of O 
algebras in C will be denoted Alg (C). 

Example 10. If C is a symmetric monoidal category enriched over Top, we can consider 
algebras over SC d in C. Such an algebra gives the data of a pair (B, A) of objects in C 
together with maps of topological spaces 

E d {n)^n^c{B® n ,B) 

and 

SC%(n,m) -> map c (B®" ® A® m , A), 

where map c (C, C") is the topological space of maps between two objects C, C in C. These 
data must satisfy conditions guaranteeing they assemble into a symmetric monoidal functor 

sc d ^c. 
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The object B corresponds to the object {f} of SCd and the object A corresponds to {h}. 
Together these form a JiT-colored operad E,nd(B,A) in Top where, using notation [3] 

End f (B, A)(n, m) = map(£®" ® A® m ,B) (11) 
End h (B, A)(n, m) = m&p(B® n ® A® m ,A). (12) 

The collection of SCd algebra structures on a fixed pair (B, A) as the collection of symmetric 
monoidal functors 

SC d -» End(5,A), 

which restrict to the identity on the set of objects. Simply put, a swiss cheese algebra {B,A) 
is an Ed algebra B, an Ed-i algebra A, and some chosen mixing of these structures. We 
refer to this mixing as an action of B on A. The following definition is due to Kontsevich 
[K3n99] , 

Definition 13. Let B be an E d algebra and A an Ed-\ algebra. A swiss cheese action of 
B on A is the structure of a swiss cheese algebra on the pair (B, A) extending the given Ed 
and Ed-i structures. We may also simply call this "an action of B on A" . 

With this we can informally state the conjecture proven in this paper. 

Theorem (Informal statement of Kontsevich's Swiss Cheese Conjecture). The Hochschild 
cohomology Hoch(A) of an Ed~\ algebra A is the universal E d algebra acting on A. In other 
words, for any Ed-i algebra A, there is an Ed algebra structure on Hoch(yl) such that for 
any Ed algebra B, giving a map of Ed algebras B —> Hoch(yl) is equivalent to giving the 
structure of an SCd algebra on the pair (B, A) extending the given Ed and Ed-i structures. 

The basic structure of the proof is outlined in diagram [14] The categories of operads 
shown in the diagram are defined precisely in section [2~T] Informally, Op (Coll) consists of 
iC-colored operads whose f-colored output is trivial, and Op(Coll- 1 ) further restricts to 
those pieces whose f-colored inputs total or 1. The forgetful functors are presented below 
as straight arrows; there is a left adjoint shown as a bent arrow. 

Boardman and Vogt's W construction [BV73 , BM06] is an explicit cofibrant replacement 
functor, which we apply to SCd, to get an equivalent cofibrant operad SCd '■— WSCd- The 
W construction does not strictly commute with the forgetful functors in [14] In particular 
W(SCd) is not isomorphic to (WSCd) h , but they are homotopy equivalent. We will let SCj 
denote W{SC}) and SC^ 1 = W(SC^). 

Px ► Op(Coll) > Op(Coll SJ 



SC d I > Sti l i SC. 



-d I ' J>-d 

C-hoo r- transfer of cr hoo 
SC ri XI E< SC ri 

structure 



Proposition 53 shows that we can use SC^ 11 to construct a model for Hochschild cohomology. 



hi 



(14) 



This allows us to prove a weak version of the swiss cheese theorem in proposition [55] taking 
place in the context of Op(Coll- 1 ). Next, we will take the free extension of SC^ 11 € Op(Coll- 1 ) 
to an operad in Op (Coll), to get SC d 100 . This immediately gives a version of the swiss cheese 

Then we use the fact that SC^ 00 is 



G2 



theorem in the context of Op(Coll), see corollary 
freely generated by its degree and 1 pieces to prove a version of the swiss cheese theorem in 
the context of Op x . None of these three versions of the swiss cheese theorem make any use of 



Ed- One can think of this last "universal cheese" theorem (proposition 751 as a construction 
of the universal if-colored operad constructed from Ed_i and controlling Ed_i-linear actions 
on A. 

To bring Ed back in to the story, we use a technical result, theorem [77] which shows that 
the canonical map SCd°° — > SC^ 1 is an acyclic cofibration. Observe that one can view SCd as 
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SCj equipped with the extra structure of a homotopy right action of Ed- Now use a transfer 
of structure argument to construct an operad E which is equivalent to Ed and which acts on 
the right on SCj°°. This allows us to define SCj°° x E, which we show is equivalent to SCd 
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The universal property of SC^ 00 x E with respect to Hochschild cohomology is stated 
in theorem [15] and follows from proposition |75| 

Theorem 15 (Precise version of Kontsevich's Swiss Cheese Conjecture). Let C be a symmet- 
ric monoidal model category tensored over Top and satisfying the conditions in notation |33| 



Let A <E Alg E (C) be cofibrant and fibrant using the projective model structure (32 1. There 

is a model of SCd, called SCj°° xi E where E ~ Ed- There is also a model for the Hochschild 
cohomology object of A, called Hoch(A), such that Hoch(^4) is the universal E algebra acting 
on A through SC d °° xi E. That is, Hoch(A) is an E algebra and this structure, together with 
the Ed-i algebra structure on A, can be extended to an SC^°° x E algebra structure on 
(Hoch(yl), A) in such a way that there is an isomorphism of categories 

A1 S(SCj°°xE)( C ) - Alg E (C) /H och(A)- 

The category on the left consists of E algebras B together with an action of B on A. The 
category on the right consists of E algebras B together with an E algebra map B —> Hoch(A). 

2.1 Defining SC^ and SCf 

Recall that C is a symmetric monoidal category enriched over 5, our basic category in 
which our operads live. We will assume that both C and S have all coproducts and that 
tensor products distribute over coproducts. In the case of operads from 0p K we have 
(S, £§>) = (Top, x), the symmetric monoidal category of compactly generated topological 
spaces with cartesian product. In the case of operads such as SC^ and SCj from Op (Coll), 



we have (S, £§>) = (Coll(Top), Cg ) fr om definition 16 Finally, for SC^ 1 and SC^ 1 we use 



17 



S = Coll- 1 (Top) as in definition 

Definition 16. Let £ denote the category of finite sets with morphisms given by bijections. 
The category of functors E op — > C, denoted Coll(C), is usually called the category of collections 
in C. We endow Coll(C) with the usual symmetric monoidal structure given by left Kan 
extension of S of> x S°p -> C x C -> C along disjoint union of sets E op x S°p -> Specifically, 
ifX,Ye Coll(C), then (X <g> Y) e Coll(C) satisfies 

{X®Y){n)= J} Ind^g^^^Xfe)^^^)), 

n=n 1 +n 2 

where ® is the tensor product in Coll(C), and ®c is the tensor product in C. See |Har07l 
definition 3.3] for more details. We will abbreviate Coll(Top) as Coll. 

Definition 17. Let S- 1 C S denote the full subcategory of finite sets of size or 1 together 
with bijections as morphisms. Let Coll-^C) denote the symmetric monoidal category of 
functors (S- 1 ) *' — > C, with monoidal structure inherited from Coll(C). Call these the degree 
0-1 collections in C. Concretely, Coll-^C) is just the category C x C endowed with the 
symmetric monoidal structure 

(Co, Ci) ® (D , Di) - (Co O D , (C (8 D\) JJ(d ® D )). (18) 

The braiding isomorphism (Co, C\) (g> (D , Di) — > (D , Di) ® (Co, Ci) is induced from the 
braiding isomorphism on C. We will abbreviate Coll- 1 (Top) as Coll- 1 . 

Definition 19. Let Op^ denote the category of K — {f , h}-colored operads in Top. There 
is a forgetful functor Op A - — > Op(Coll). This functor takes O G Op^- to the operad O h whose 
arity m component is the collection n O h (n,m) (see notation pj). We forget the spaces 
O e (n,m), and think of elements of O h (n,m) as degree n, arity m elements of O h . 

The functor Op (Coll) — > Op (Coll- 1 ) is induced by the symmetric monoidal functor 
Coll -> Coll^ 1 . Denote the image of O in Op(Coll- 1 ) as O hl . 
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Example 20. We outline the structure of SCi? as an operad from Op(Coll). Think of 
SCj(«,m) as the collection n h-> SCj (n,m). In |2ll ® is the tensor product of collections. 
The operad composition law is 

SC%, m) ® SC$(., h) ® • • • ® SCjf(., O -> SCjf(., 0, (21) 

where £ = The degree n component of the right hand collection is SC^(n,£). The 

degree n component of the left hand collection is 

J_J Ind SC£(n 0l m) x SC^(m,^) x • • ■ x SCj}(n m ,£ m ), 

^oH h« m -Tt 

where Ind is the induction functor giving the correct symmetric group action. The point is 
that if we delete all appearances of Ed from [8] then it provides exactly the data of [2lj 

Example 22. We outline the structure of SC^ 1 as a 1-colored operad from Coll- 1 (Top). 
For each m',m, define an object SC d l (ml r ;m) G Coll— 1 (C), 

SCf{m';m) = (SCj(0, m'\ 0, m), 5Cj(l, m'; 0, m)) (23) 
£* ( J B rf _i(m';m),5C d h (l,rn';0,m)). (24) 

Using the symmetric monoidal structure from definition [17] and the identification in equa- 
we can write the operad structure maps on SC^ 1 as a triple of morphisms. The map 
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tion 

of degree pieces, 

E d -i(m";m) x Ed-x(m';m") -> E d -i(m';m), 
and the maps of degree 1 pieces, 

J B d _i(m";m) x SC%(l,m';0,m") -> 5C d (l, m'; 0, m), 

and 

SCj(l,m";0,m) x E d -i(m';m") -> 5Q h (l, m'; 0, to). 



3 Hochschild cohomology from swiss cheese 

For the remainder of the paper we replace Ed—i,Ed, and S'C'd by cofibrant models given 
by the Boardman-Vogt W construction |BV73j . |BM06| . We will denote these cofibrant 
replacements by Ed_i, Ed, and SCd. We also want to restrict our attention to swiss cheese 



algebras in categories where we can do homotopy theory. In the proper context (notation 33 1 , 



the Hochschild cohomology of an Ed-i algebra A has a natural model constructed from A 



and the degree 0-1 parts of SC^ (proposition 53 ) 



3.1 Homotopy theoretic context 

Definition 25. From [Hov99, definition 4.2.6], a symmetric monoidal model category S is a 
closed symmetric monoidal category whose monoidal structure ®:5x5->5isa Quillen 
bifunctor. We assume the monoidal unit of S is cofibrant. 

Example 26. The category (Top, x) of compactly generated spaces with the cartesian 
product and Serre model structure is a symmetric monoidal model category. 

Definition 27. Let S be a symmetric monoidal model category. A symmetric monoidal 
model category tensored over S is a closed symmetric monoidal model category C, together 
with a symmetric monoidal Quillen functor S — > C (See |Hov991 definition 4.2.20]). 
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In particular, C comes equipped with functors 

hom c :C op xC^C map c : C op x C -> 5 

The mapping spaces map c (A, _B) give C the structure of a category enriched over S, so we 
can speak of Ed_i, Ed and SCd algebras in C. 

For any object A of C, the functor — <Ei A has right adjoints hom c (A, C C and 
map c (A, — ) : C — > S. This data satisfies Quillen's SM7 axiom f lHov99| section 4.2]). We 
assume that the unit of C is cofibrant. 



Example 28. The category Coll-^C) from definition 17 is tensored over the symmetric 
monoidal category Coll- 1 (Top) with 

ColP^Top) ® Coll^C) -> CoU-^C) 

given by the analogue of equation [l8j 

(X ,Xi)®((7o,Ci) - (Xo^CcXoOdJJXx^Co), 

where X G Top and Cj G C. 

Example 29. The symmetric monoidal functor Top — » Coll- 1 (Top) sending X to (X, 0) 
makes both Coll- 1 (Top) and Coll-^C) into symmetric monoidal model categories tensored 
over Top. Note that for a topological 1-colored operad O, we can consider algebras over O 
in C as well as algebras over O in Coll-^C). 

The category of degree 0-1 collections is naturally home to O-algebras A and O-A 
modules M. 

Definition 30. Suppose O is a 1-colored operad in Top, and let (A, M) be an object of 
Coll-^C). The structure of an O algebra on the degree 0-1 collection (A, M) is the structure 
of an O algebra on A together with the data of maps 

0(m)®M® A " 1 - 1 -> M, 

satisfying certain conditions. We call this data the structure of an O -A module on M. Given 
a fixed O algebra A G C, the category Mod^(C) of O-A modules has objects M G C together 
with the structure of an O algebra on (A, M) G Coll-^C) extending the given O algebra 
structure on A. 

We can enrich Mod^(C) over C and over Top. Indeed, given O-A modules M' and M, 
we can define the hom-object of O -A module morphisms from M' to M as the equalizer 

hornet (M',M) — hom c (M', M) =| hom c (Fg(M'),M). 

Here Fq : C — > C is the free O-A module monad on C. One can define thus using the monad 
F Q on C x C which sends (A, M) to (F (A),F (A,M)), where F<9, is the free O-algebra 
monad and 



F (A, M) = JJO(m) ® Sm ( IJ ® M ® A ® r ' 



The natural transformation -)) -> -) is given by composition in 

O. This, along with FqFq — > Fq, defines the monad structure Fa Fa — > Fa- Finally, we 
define the free O -A algebra monad via the coequalizer 

Fa(F (A),F (A,M)) =l F a (A,M) ^ f£(M). 

It is clear that every O-A module M is equipped with a canonical map 
The two parallel arrows in the equalizer are given by the two maps Fq(M') —> M' and 
Fq(M) — > M, The topological space map^(M', M) is defined as an equalizer in exactly the 
same manner. 
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Example 31. Let A £ C be an Ed_i algebra, then the degree 0-1 collection (A, A) is 
naturally an Ed_i algebra. That is, A is naturally an Ed_i -A module. 



Suppose we have an adjunction F: V t» £: U where F is the left adjoint; U is the right 
adjoint; I? is a cofibrantly generated model category; and £ has enough limits and colimits. 
There are conditions ( BM03J section 2.5]) on such an adjunction guaranteeing that £ inherits 
a model structure where / in £ is weak equivalence or fibration if and only if G(f) in I? is a 
weak equivalence or fibration, respectively. We are not concerned with these conditions here, 



but we assume that they apply to the adjunctions listed in definition 32 



Definition 32. Recall from example 22 that SC^ 1 is a 1-colored operad in Coll- 1 (Top) 



Let SC;;' : full '(Top) !.<• W(SC^). Since Coll- 1 ^) is enriched over Coll-^Top) by 
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example 28 we can consider SC d algebras in Coll- (C). In addition, by example 
consider E d _i algebras in Coll-^C). There are adjunctions 

C^Alg^C) C^Mod^C) 
C x C «=> AlgE^CColl^C)) *5 Alg scr (Coll^(C)) 

We describe the right adjoints only. On the top left the Ed_i algebra A is sent to the 
underlying object A of C. The top right functor sends the Ed-i-^4 module M to the 
underlying object M of C. In the pair of composeable adjunctions, an SC^ 1 algebra (A,M) 
can be considered as an Ed_i algebra by forgetting the structure maps in equation |38| For the 
final adjunction, any Ed_i algebra in Coll-^C) has an underlying pair of C-objects (A,M). 

Notation 33. Throughout the remainder of this paper C will be a cofibrantly generated sym- 
metric monoidal model category tensored over Top such that the adjunctions in definition [32] 
arc Quillcn adjunctions. 

We use the model structure on the category of Ed-i -A modules to define Hochschild 
cohomology. 

Definition 34. Given an Ed-i algebra A £ C, let the Hochschild cohomology object of A be 

Hoch(A) = homj^J A c ,A f ), 



30 



The Ed-i-A modules A c and A f 



where hom g is given by the equalizer in definition 
are cofibrant and fibrant replacements for A respective L ry~' Note that Hoch(^4) is an object of 
C. 

We will use the degree and 1 pieces of the swiss cheese operad to build a cofibrant 
replacement for A as an Ed_i-A module. 



3.2 Swiss cheese in degrees zero and one 

An SC^ 1 algebra (see definition 32 and example 22 ) is a pair (A, M) of objects of C together 
with maps in Coll-^C) for every to, 

(E d -i(m),SCd(l, to)) ® (A, M)® m -> (A, M), (35) 

where we have used the isomorphism SC^O, to) ~ Ed_i(m). Alternatively, we can view the 
morphism in equation 35 as three separate maps in C. 



Ed— <8> A® m — > A 
Ed-i(m) ®M® A " 1 ' 1 -> M 
SC h A {l,m)®A® m ^ M 



(36) 
(37) 
(38) 
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The condition that the maps in equation 35 define an SC d structure on the pair (A, M) is 
the condition that the diagram 39 commutes in the Coll- 1 (Top)-enriched category Coll-^C). 

SC^(m') ® SCf{m; w!) ® (A, M)® m -» SC^(m) ® (A, M)® m 



SCjftm')® {A, My 



I 

(AM) 



(39) 



In terms of equations |36| [37] and [38] diagram [39] splits into four diagrams. Each diagram 
is determined by the degrees of the three tensor factors in the upper left hand corner of 
diagram 39 In the first, diagram 40 the degrees are 0, 0, 0. In[4ll the degrees are 0, 0, 1; in 



42 degrees are 1, 0, 0; and in [43} degrees are 0, 1, 0. 

Ed-i(m') ® E d _i(m; m') ® A® m - 

I 

E d _i(W) ® A* 8 ™ 1 ' 



Ed-i(m) $ 

I 

> A 



(40) 



The above diagram, 40 commutes for all m',m if and only if A is an E d _i algebra. Diagram 



41 below commutes if and only if M is an E ( j_ 1 -A module 

Ed-i(m') ® E d _i(m; m') ® M ® A®™- 1 

I 

E d -i(m)®Mc 



5m'- 1 



(41) 



Ed-i(m) ® M( 

1 

> M 

Diagram [42] shows a compatibility condition between the degree and degree 1 structures 



5m— 1 



SC d (l,m') ® E d _i (m;m') 
I 

5(^(1, m')®^® m 



SCjf(l,m)< 

I 

> M 



(42) 



Diagram [43] presents another compatibility condition between the degree and degree 1 
structures. 



Ed-i(m') ® SC d (1, m; 0, m') ® . 
I 

Ed-ilTO')®^®^™'- 1 



SC^l.m) < 

I 

> M 



(43) 



Example 44. In this example we construct the universal extension of an E d _i algebra A to 
an SCj 1 algebra. We denote this universal pair by (A, A sc ). The composite forgetful functor 

AlgscM (Coll^(C)) Alg Ed i (Coll^(C)) Alg Ed i (C), 

has a left adjoint which sends the E d _i algebra A to the pair (A, A sc ) where A sc , which may 
be read as "A swiss cheese" , is a quotient of 



A sc = [] SCj(l,m)® Sm A® r 



(45) 



m>0 



where S m — Aut(m). We can think of A sc heuristically as SC d (1, .) ® A®*. Now both A and 
SC d (l, •) carry an action of E d -i, so we can form the quotient A sc := SC d (l,») ®E d _i A®* . 
More precisely, A sc is defined as the coequalizer 



J_[ SC^l,™) ® E d _i(m';m) 

m,m' 



A 



sc coe q 



> A sc 7 



(46) 



where one of the arrows is given by the operadic composition on swiss cheese and the other 
by the Ed_i structure on A. Figure [2] shows the relation ~ such that A sc = A sc /~ . 
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(j^s ^\ (J^A 



Figure 2: The relations in A sc come from the E d -i algebra structure of A. If m is the 
map A® 3 — > A given by the swiss cheese element in SC^O, 3) ~ Ed-i(3) in the figure, set 
a = m(ai, 0,2, 03). The edges t\ and t% are less than 00, so the relation does not apply to the 
vertices on the left and right. 



Verifying that {A, A sc ) is an SC^ 1 algebra is a matter of using the commuting left and 



right actions of E d _i on SC d . By this we mean the morphism below uses both left and right 
actions, and can be obtained by performing the left action first, then the right, or vice versa, 

E d _i(m") x SC^(l,m';0,m") x E d _].(m;m') -> SC^l.m). 



The left action defines a map 



-d-i 



(m) <g> A s 



A* 



A s 



(47) 



using the the o\ operad composition. Since the left and right Ed 
the arrow in 47 descends to give the data of a 
A 



-i actions on SC^ 1 commute, 



Ed-i-A module structure on A sc , i.e. 
Of course, the maps from equation |38| with M — A sc are simply 



equation [37] for M 
given by A sc — > A sc . 

Now let us observe that the four diagrams 40p3 commute for (A, A 

401 



The first diagram, 

is trivial since A is an Ej-i algebra. The second diagram, [41] commutes since the left 
action of Ed_i on SC^ 1 is indeed an action. That is, it is compatible with composition in 



Ed_i. The third diagram, |42| clearly commutes, 
coequalizer A sc — > A sc in equation 



Indeed, this diagram is the reason the 
46 was defined in the first place. Finally, the fourth 
diagram, 43, certainly commutes if M — A sc . In this case, note that the bottom map in 
diagram 43 corresponds to equation 47 Thus if we pass from A sc to A sc this last diagram 
still commutes since, by definition, the Ed-i-A module structure on A sc is defined using the 
quotient map A s 



A sc together with equation 47 



Lemma 48. Fix an Ed-i algebra A and consider A s 
an isomorphism of categories 



as an Ed~i -A module, then there is 



Mod^-hi(C) S Mod^_ 1 (C) A .«/, 
where Modgchi (C) is the fiber over A of the forgetful functor Alg SC hi (Coll- 1 (C)) -> Alg Ed _ 1 (C) 



Proof. Let (A, M) be an SC d algebra extending the existin g Eh _i algebra structure on A. 

when combined for all m, 
— > M and diagram 43 



:-!S 



Then M € Mod Ed _ i (C) and the structure maps in equation 
give a map A sc — > M. Diagram 42 shows that this descends to A 
shows that this latter arrow is an E d _i -A module map. 

On the other hand if M is an E^-i-A module, then M is already equipped with the 
data of equation 37 making diagram 41 commute. If A sc — > M is a morphism of Ed-i-^4 
modules, then M is equipped with the data of equation 38 The diagram 42 commutes 
because of relation defining A sc in equation [46] The diagram [43] commutes since A sc —> M 
is a morphism of Ed_i -A modules. □ 



11 



Corollary 49. Let A be a cofibrant Ed_i algebra, then A sc is a cofibrant Ed-i-A module. 



Proof. The forgetful functor Alg SC hi(C) — > Alg E (C) preserves fibrations (see definition 32). 
Thus the left adjoint of this forgetful functor, applied to the cofibrant object A, gives a 



48 



shows that 



cofibrant SC" algebra (A,A SC ). Thus A sc is cofibrant in Modern (C). Lemma 
the forgetful functor Mod^-hi(C) -> Mod^ ^C) preserves pushouts. The model structures 
here are cofibrantly generated, so ^4 SC is also cofibrant as an object of Modg (C). □ 

Definition 50. Let p(m) : SC d (l,m) — > SC|j(0, m) ~ Ed-i(m) be the projection which for- 
gets the single full disc. We can make p = (p(m)) m >Q into a morphism of operads in the follow- 
ing way. For each m consider the degree 0-1 collection (Ed-i)- 1 (m) := (Ed_i(ro), Ed_i(m)). 
The structure of E d _i as an operad in Top can be used to make (Ed-i)- 1 an operad in 
Coll- 1 (Top). This makes (id, p) : SC d a — > (Ed-i)- 1 into a morphism of operads. 
If A is an Ed_i algebra we can define a morphism in C, 

A sc = ]J SCjKl.m) ® Sm A® m ->■ [J Ed_i(m) ®s m A® m ->■ A, 

m>0 m>0 

where the first arrow uses p and the second arrow uses the Ed-i algebra structure on A. This 
map factors to give a morphism of E d -i -A modules pa '■ A sc — > A. 

Remark 51. By |Spi0lJ section 5] we can conclude that Op(Coll- 1 (Top)) is tensored over 
Top. If O = (O^.O 1 ) is an operad in degree 0-1 collections of topological spaces, and 
K G Top, then K ® O is defined to be the coequalizer 

F(F(K <g> O)) =t F(K ® O) ^> x 8 o, 

where K ® O, is the collection of degree 0-1 collections whose arity m, degree z component 
is AT x O l (m), and F is the free operad functor. 

If O is a cofibrant operad in Coll- 1 (Top), then [0,1] <g> is a cylinder object, and a 
homotopy h: [0, 1] <g> O — > "P gives the data of maps h l (m) : [0, 1] x O l (m) — > V l (m), which 
assemble into h l (m';m): [0,1] x O l (m';m) — > V(m';m) for i = 0, 1 and m',m > 0. The 
homotopy /i is compatible with operad composition in the sense that if a € O l {m) and 
/? G C J (m';TO), i + j < 1, and t € [0,1], then 

(m)(t,a)o h j (m';m)(t,P) = h t+3 (m!) (i, a o 0) . 

Lemma 52. For any Ed-i algebra A € C, the map v4 ,sc — > A is a weak equivalence of Ed-i -A 
modules. 



Proof. Abusing notation we write p := (id, p) for the morphism of operads from definition 50 
One can show that p is a weak equivalence of fibrant and cofibrant operads in degree 0-1 
collections of topological spaces. Therefore there is a map of operads i: (Ed-i)- 1 — > SCj 1 
and there are homotopies h: id SC hi ~ bp, and g: id(E d _ 1 j<i ~ pi. Since [0, 1] <g> — distributes 
over coequalizers, we can use h to define a homotopy \ia ■ [0, 1] <X> A sc — > A 8C , 



]J[0, 1] ® SCjf(l, m) ® A® m > [0, 1] ® A s 

m 

Uh 1 (m)®idf m /ia 

JJ SC5(1, m) ® A® m > A sc , 
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where h l {m) is defined from h as in remark 51 When t = 1, — ) factors as 

JJ SCj(l, m) ® A® m > A sc 

m 

U Ed-i(m) A 

m 

JJSCftl.m) 



A 



A s 



where is the map from definition 50 and la is the evident composite in the diagram 
using s. The map s is a section of the middle horizontal arrow, defined using the identity of 
the operad E d _i, 



A ~ {l Ed _J ® A ->■ E d _ x (l) <g> A ->• ]J E d _i(m) ® 



The map is a map of E d _i -A modules, and }%a is a homotopy id^s 
defines a homotopy qa'- id a — ► Va^a- 



lava- Similarly, g 

□ 



The precise sense in which Hochschild cohomology can be obtained from the degree 0-1 
pieces of the swiss cheese operad is contained in the following 

Proposition 53. Let A be a fibrant and cofibrant E d _i algebra. Then the Hochschild 
cohomology object of A can be computed as 

Hoch(A) ~ hom^ JA^.A). 



Proof. We are using the projective model structure (definition 32 1, so A is fibrant as an 
object of C and thus as a E^-i-A module. By corollary [49] and lemma 52 A sc is a cofibrant 
replacement for A as an E^-i-A module. By definition |34[ this proves the proposition. □ 



4 The universal cheese theorem 

In the one-colored operad SCj 1 the single full disc was never considered as input, only as a 
marker of degree one. Allowing the single disc to be considered as giving an input means 
viewing SC^ 1 as a partially defined 2-colored operad. Rather than making the notion partially 
defined prec ise, we simply define the notion of a 2-colored algebra over SC^ 1 in definition 54 
Proposition 55 is a version of the swiss cheese theorem for the operad SCj 1 . That is, a 



2-colored SC d structure on the pair (B, A) is equivalent to a C-morphism, B — > Hoch(^4). 
In other words, Hoch(A) is the universal object of C acting on the E d _i algebra A through 

We refer 



75 



SC^ 11 . This result is generalized twice, first in corollary 62 then in proposition 
to proposition |75| as the universal swiss cheese theorem since it replaces Ed in the swiss 
cheese theorem with an arbitrary operad. 

Definition 54. Let A be an E d _i algebra. Let C/Hoch(,4) denote the over category of 
Hoch(A) € C. More precisely, the objects are C-morphisms B Hoch(^l) and the morphisms 
are C morphisms B —> B' commuting with the maps to Hoch(j4). In addition, let Alg SC hi(C) 

denote the category of SCj 1 algebras of the form (B, A) where the induced E d _i structure 
on A is the one given. Morphisms are maps of SC^J 1 algebras which are identity on A. 

Given a pair of objects (B,A) of C, we let End hl (B, A) denote th e op erad obtained by 



applying the forgetful functor Op K — > Op(Coll- 1 ) to End(B,A) from |ll| and 

Let Alg5 C hi(C) denote the category of objects B E C together with a morphism in 

Op(Coll- 1 ), SC" End hl (_B, A) extending the E d _i structure on A. A morphism B -t B' 
in C induces a map of operads End hl (£>', A) — > End hl (B, A). Such a morphism gives a map 
in Alg^-hi (C) if this induced map respects to maps from SC^ 1 . 
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Proposition 55. There is an isomorphism of categories 

Alg5 C hi(C) = C/Hoch(A)' 

Proof. The data of an algebra on the left hand side is an object B £ C together with maps 

SC d (1, m) (3 B (x) A® m — > A, (56) 
for each m > 0. The conditions on [56] are that diagrams [57] and [58] commute. 

Ed-i(m') ® SCS(1, m; 0, m')®B® A® m -» E d _i(m') ® 



I I 
SC^(l,m) ®-B(g)7l® m - — > A, 

SC d (l, m') (g) E d _i(m; m')®B® A® m -> SC^l, m) ® B ® A® r 



(57) 



(58) 



SQ(l,m') ® Si 



A. 



Equivalently, we can use the hom-tensor adjunction and assemble the maps in [56] to a 
single map B — >• hom c (A sc , A) (see 45). The commutativity of diagram 58 is equivalent to 
this map lifting to 

B — » ham c {A sc ,A). (59) 



Note that, dual to 46 hom c (A sc , A) is given by the equalizer 

hamc(A sc ,A) ^ hom c (A sc ,A) =j hom c (]J SCj(l, m') ® E d _i(m; m') 



With this observation we can now rewrite diagram [57] as 

3 0^04-)^^^) 



B® A s 



I 
.4. 



(60) 



Recall that i : C — >■ C is the free Ej.!-^ module functor, see definition 30 Clearly, 
diagram |57| commutes if and only if diagram |60| commutes and if and only if the map |59| 
factors through Hoch(j4) = hom g (A sc , A). We conclude that the data of an SC^ 1 algebra 
structure on (B, A) is the data of an E d _i algebra structure on A together with a C-morphism 
B -> Hoch(A). 

It is clear that a map (B, A) —> (B',A) which is identity on A gives an SC d u algebra 
morphism if and only if the map B — > B' commutes with the corresponding morphisms to 
Hoch(A). 

□ 

Definition 61. Define SC^°° £ Op (Coll) as the image of the left adjoint of Op(Coll) 



Op(Coll- i ) applied to SC d . Following definition 54 define Alg^ C hoo(C) as the category of 



objects B £ C together with a morphism in Op(Coll), SC^ 00 — ► End h (B,A) extending the 
E c j_ 1 structure on A. 

Corollary 62. There is an isomorphism of categories 

Alg SC hoo (C) = C/Hoch(A)- 



Proof. The adjunction isomorphism puts operad maps SCJ — > End (B, A) in one-to-one 
correspondence with operad maps SC^°° — > End h (B, A). □ 
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Definition 63. For each n > 0, let SCj°°(n,») denote the operad in Op(Coll- 1 ) whose 
arity m component is the degree 0-1 collection (Ed_i(m), SCj°°(ri, to)). One may think of 
SC d 1 °°(n,.) as a bimodule over Ed_i. Let End(SC d loc ) be the collection whose n th space is 
Ed-i bimodule maps 

End(SC> 100 )M := map Ed _ i (SC d hoo (l, .), SC d hoo (n, .))• 

Lemma 64. Operadic composition in SCj 00 induces the structure of an operad on the 
collection End(SC^°°). 

Proof. Define an operad £ € Op (Coll) by setting 

£(n,m) = map Coll (End(SCd°°)(.;n), SC d 1 °°(., to)) . 

Let no + • • • + n m = n and l\ + • • • + £ m = I. The monoidal structure <g> on collections gives 
a map from E (uq , to) x Yii=i £ i n i > t° 

(m m \ 

(gjEndCSC^)^;^), SC^°°(., to) ® ( (g) SC> 100 (., £,)) • (65) 
i=0 i=l / 



Now push forward from 65 via the operad structure on SCd°°, 



sc d hoo (.,TO)® ((g)sc^(.,A)) ->sc5 oo (. J *) J 

i=l 

and pull back from [65] by 

m 

End(SC^°°)(.;n) -> (g) End(SC> 100 )(.; (66) 

This defines 

m 

£ (no, m) x JJ £ (m, ii) -> £(n, £). 

i=l 

The morphism in [66] comes from the sequence of maps 

n 

End(SC^)(fc;n)= [] JJ EndCSC^X/- 1 ^)) (67) 

/ : fc— >n i— 1 

= II II II End(SC^)(.r 1 ( l )) (68) 

/: fc^-njeOUmi£ ff -i(j) 

^ II II End(SCr)(r 1 (j);n J ). (69) 

The first equality holds by definition, the second is a regrouping. The decomposition 
Si=o n * = n defines a map g: n — > 0U to where |<? _1 («)| = raj. The third map sends the 
component corresponding to / : k ~ > n to the component corresponding to fg : fc — > U to. 
For each n, to there is a map, 

SC d 100 (?T., to) — > £(n, to). (70) 



When n = 0, 1, the map 70 is canonical. Restricting to degrees and 1 gives a map of 
Op (Coll- 1 ) operads SCd 1 — > S 1 , where £ 1 is the degree 0-1 part of £. Since SC^°° is freely 
generated by its degree and 1 pieces, we get [70] for all n, assembling into a map of operads 
in Op (Coll). This guarantees that 71 can be used to define an operadic composition law on 

SC d loc (n,m) x End(SC^°°)(A: 1 ) x ••• x End (SCj 100 )(£;„) -> SC$°° (k,m). (71) 

□ 



End(SC^°°) 
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Definition 72. Let O be any 1-colored topological operad, and let p: O — > End(SC d °°) be 
a map of operads. Define the if -colored operad SCjj°° x p O by setting 

(SC$°° x p O) h (n,m) = SC h d °° (n,m) (SC^°° x p 0) f (n, to) = ™ = ° 

(/) m > 0. 



Composition in SC d loc x p O uses composition in O, composition in SC d °°, and the action of 
O on SC d °° defined by p, 

SC^°°(n,m) x 0(k;n) ->■ SC^°° (n,m) x End(SC^ 100 )(fc; n) -> SC^°°(fc,m), 

where the right arrow above is the one in |71| 

Lemma 73. Let O be a topological operad and let p: — > End(SC d loc ) be a map of operads, 
then the SCj 00 structure on (iJ, A) naturally extends to a SCjj 00 x p structure on (if, A). 
In particular, fi = Hoch(A) inherits an O algebra structure. 

Proof. We only need to show there is a map of operads End(SC d °°) — > End(ff ) compatible 
with the action of End(SC d 00 ) on SCj 00 and the action of SCjj°° on H. Indeed, the map 



H 



(74) 



SC^°° (n, to) <g> H® n ® A® m -> A, 



End(SQ°°)(n) ® if 
is adjoint to the maps, for all to > 0, 

SCjf°°(l, m) ® End(SC£°°)(n) ® if®" ® A® r 

where the first arrow is 71 and the second arrow is the SC^ 100 structure on (if, A). To check 
that 74 is compatible with composition in End(SCj°°) observe that there are two morphisms 
of operads in Op(Coll), 

SC£°° =t End h (End(SC^°° )(fi), A), 

where End(SCd°°)(if) is the free End(SCj°°) algebra generated by H. One of the arrows 
uses the action of End(SCd°°) on SC^ 00 , while the other uses the map End(SCd°° ) (if ) -> if 
defined by[74j To check that these arrows agree, we only need to check that they agree out 
of SCj (n, m) when n — 0, 1. This is because SCj°° is freely generated in degrees and 1. 
When n — 0, the maps are obviously the same. When n = 1, the maps are the same by 



definition of the SC^ 1 structure on (H,A). 



□ 



Proposition 75 (The universal cheese conjecture). Let O be a topological operad and let 
p: O — > End(SCjj°°) be a map of operads. Then using the induced SC^ 00 x p O structure on 
(Hoch(A), A) from lemma 73 gives an isomorphism of categories 

A1 g(SC d h ~xi p O)( C ) — A1 §o( C )/Hoch(A)- 

Proof. Given any C morphism B — > H we can form the following diagram. For brevity, we 
have deleted appearances (g>. 



SC^°°(l,m)0(n)B n A r - 



SC^ oa (n,m)B n A r ' 



SC^°°(1, m)0(n)H n A r ' 



SC^°° (n,m)H n A n 



(76) 



SQ°°(1, m)HA r 



Let (B,A) be a SCj°° x p O algebra extending the given Ed-i structure on A, then by 



corollary 62 we get a C morphism B — > if = Hoch(A) making the right face of the cube 76 
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commute. The front face commutes by lemma 73 The back face commutes by assumption. 
The bottom face commutes by definition, and the top face commutes trivially. This implies 
that, after composition with the maps whose codomain is A, the left face of the cube 
commutes. By adjointness, the two maps O(B) =4 H agree, implying that B — > H is indeed 
an O algebra morphism. 

On the other hand, given an O algebra B together with an O algebra map B — > H, we 
get an SCjf 00 structure on (B,A) from the underlying C morphism. We only need to check 
that the O structure on B and the SCj°° structure on (B,A) are compatible via p. Indeed, 
since SC^ 00 is freely generated in degrees and 1, it is enough to check that the back face of 
the cube commutes. But this holds because all other faces commute. Most importantly, the 
left face commutes because B — » H is an O algebra map. 

It is easy to see that each of these constructions are natural in B and are inverse to one 
another. □ 



5 The homotopy Ed structure on Hoch(^4) 

In light of proposition [75] to prove the swiss cheese theorem ( [15] ) we need to construct 
E ~ Ed and an operad morphism E — > End(SCjj°°) in such a way that the corresponding 
if-colored operad SCj°° x E is equivalent to SCd- While SCjf 00 has no obvious action of 
Ed, it is equivalent to something that does have an Ed action. The following is in |Thol21 
section 3]. 

Theorem 77. The natural map SCjj°° — > SCjj is an acyclic cofibration of operads from 
Op (Coll). 

In this section, we define the precise sense in which theorem [77] gives us our Ed action on 
SCj°° up to homotopy. First, we have a lift p in the following diagram, 




We know that SC^ is cofibrant since it is obtained as the W construction applied to a 
E-cofibrant, well-pointed operad SC^ |BM06| . Thus, by the corner axiom (Quillen's SM7) 
for monoidal model categories tensored over topological spaces |Spi01| we have an acyclic 
fibration 

map(SCjj,SCj) map(SCjj 100 , SCj) 

given by pre-composing with i. Since both up and id live over i, they must be homotopic. 
Let h: [0, oo] <8> SCj — > SC^ 1 be a homotopy with ho = id and hoc = L P- 

We will use this h to define a homotopy right Ed module structure on SCjj°°. For this 
we will use a homotopy equivalent version of Ed which sits inside the W construction. For 
simplicity we denote it by E. First we define the category LEd- This category is not monoidal, 
but will be used to build E. The letter L stands for level trees. The objects of the topological 
category LEd are finite sets, and the morphism space LEd(n,n') is defined to be a quotient 
of 

LI E d(ni,n') x E d (n2,m) x ■•• x E d (n,n k ) x [0,oo] fc . 

k>0 
m,...,n k 

A point of the space above is given by a sequence £ Ed(rii, tii-i) for 1 < i < k + 1 and 
U 6 [0, oo] for 1 < i < k. For convenience of notation, we set no = n! ', rik+i = n, to = oo, 
and tk+i = oo. We impose the following relations 
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Relations 78. If t{ = 0, then we can delete U and replace (. . . , oti, oti+i, . . .) by the 
composition (. . . , oti ■ ■ ■)■ K n i — n i~i an d a i is the identity, and = co = tj, then 
we can delete a* from the sequence and delete ti from the sequence, are defining to and tk+i 
to be oo. 

Remark 79. In the construction, we could always delete the appearance of an identity 
and sum the lengths of the surrounding edges. We do not allow that here since we do not 
have h s +t = h s o h t . 

Composition in the category LEd is given by concatenating sequences, setting the new 
coordinate in the factor [0, oo] between the two sequences to be oo. 

We can use the action of E4 on SC d as well as the maps h t ,p,L to define 

LE d (n : n') ^ map(SC^°°(n', m), SC^°°(n, m)). (80) 

To do this, represent a G LEd(n, n f ) with a sequence n' = no, ni, . . . , nu, n^+i = n together 
with a, G Ed(fii, for 1 < i < k + 1 and ti G [0, 00] for 1 < i < k. This gives a chain of 

maps 

SCd°°(n', to) A SCj (no, ni) — 1 -> SC d (ni, to) — SC d (n.i, m) . . . 

• • ■ — h SCd(n fe ,m) ak+1 > SCj(n k+1 ,m) A SC^°° (n, m). (81) 
The maps SC d (nj,m) -A- SC d (ni+i,m) are defined by the action of Ed on SC^, 
SC d (r^,m) x E d (n l+ i,ni) -t SC d (n i+1 ,m). 



Let us check that the relations 78 in LE'rf are satisfied and that composition in Ed corresponds 
to composition of maps of SC d °°. Suppose ti = for some i. Then ho = id so our chain of 
arrows contains 

SC^(m-i,m) ^ SCd(ni,m) -^A SC^(n i+1 ,m). 

The composition of these two is equal to the map given by c^ai+i G Ed(n i+1 , i%i_i). This is 
because SC d (— , to) is a right module. 

If rii = nj_r, Q!j is identity, and = £j =00, then the composition h t ._ 1 0^0 h t . is 
equal to h ti _ 1 = h^, so we are justified in deleting and t^ from the sequence. 

Now suppose we have some ti — 00, so that a G LEd(n, n') decomposes as /?i/?2 for some 
Pi G E(nj,n') and /?2 G E(n, nj). The chain of compositions defining the action of a from 
SC d loc (l,m) to SC d 100 (n,m) contains the following segment. 

■ ■ • SC d (nj, to) — ^ SC d (nj, to) -> • • • 

The composite of the actions of j3\ and /?2 is computed by joining the chains for (3± and for 
P2. This joined chain agrees with the chain for a except for the segment above, which is 
replaced with the segment 

► SCjf(n<,m) A SC^°°(^,T7j,) A SC^.m) -> • •• 

Since = up, these chains of maps have the same composition. 
The maps [80] define a functor 

LE d -> End(SC d 1 °°). (82) 

There is no obvious operad structure on LEd so we take the smallest operad containing 
LEd- More precisely, [82] is a morphism of topological categories whose objects are finite sets. 
There is a forgetful functor from operads to the category of such topological categories. The 
operad E is defined to be the result of applying the left adjoint of this forgetful functor to 
the category LEd- 
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Definition 83. Let F(LE d ) be the free one-colored operad generated by the collection 
n i-> LEd(n,l). For each n,n' > let E(n, n') be the topological space given by the 
coequalizer 

]]_LE d (n",n') x LE d (n,n") =4 F{LE d )(n,n') ^ E(n,n'), 
n" 

where the two maps are given by composition in either F{LE d ) or LE d and the inclusion of 
LE d into F(LEd). 

Lemma 84. The category E is an operad and is equivalent to Ed- 
Proof. Given a tree with its internal edges labeled by lengths [0, oo], call it a level tree if 
edges equidistant from the root vertex have the same length. Every morphism in LE d (n, 1) 
can be represented by a level tree with vertices labeled by E d . We can represent a point of 
F(LE d ) with a tree whose vertices are labeled by level trees in LE d . The relation defining 
F(LE d ) — > E allows us to break up a level tree with at least one level of length oo into 
several level trees all of whose levels have finite length. We conclude that E consists of trees 
labeled by E d on the vertices, and [0, oo] on the internal edges, satisfying the condition that 
every maximal finite subtree is level. 

There is an operad morphism E — > E d which collapses all edge lengths to 0. On the 
level of collections, there is a homotopy inverse E d — > E. The homotopy gt : E — > E first 
collapses lengths of the edges furthest from the root to zero. This preserves the condition 
that every maximal finite subtree is level. Continuing in this way, we collapse all edge lengths 
to zero. □ 



The adjoint to 82 is an operad morphism E — > End(SCj°°), which by definition 72 we 



can use to define the if-colored operad SC d °° X E. 

Lemma 85. The {f , h}-colored operad SCj°° » E is weakly equivalent to the Swiss cheese 
operad. 

Proof. First, note that SC d is equivalent to the semi-direct product of SCjj and Ed where 
the action of E<j factors through the map E^ — > E d which sends all lengths of internal edges 
to zero. This is because the map SC|j — > SC d which collapses trees is a weak equivalence 
and respects the action of Ed. 

The action of E on SCj 00 can be extended to an action on all of SC^. The sequence 
ai, ti, ■ • • , tk, a>k+i acts via the composition 

SCd(n ,m) SCd(m,m) — ^> SC)f(rai,m) SCj|(nj_i,m) 

^% SCS(n,_i,m) ^ SC^( ni ,m) ^ SC$(n,,m). (86) 

Define for each s € [0, oo] a homotopy M ^ : [0, oo] ® SC^j -> SC^ by setting hf' s] = Vin( s ,t)- 
We have /if, 0,6 ' = id and h£,' s ' = h s , therefore we can define an action of E on [0, oo] s <S> SCjj 
by replacing h ti in (86) with Then, when s = each /i[ ' ' is the identity, so the action 



factors through the map E — > E d collapsing all edges to 0. When s = oo we have ft,[ '°°' = h ti 
so the action of E on SCjj is 



Thus we have a diagram of equivalences 
SC d <- SC^ x s=0 E -> ([0, 1] ® SC^) xE<- SCj x s=oc E SC*°° x E, 
where the map on the left collapses all edge lengths to 0. □ 



This proves the main theorem of the paper, 15 
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